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Abstract

This work concerns the direct numerical simulation of small-amplitude two-dimensional ribbon-excited waves in
boundary layer over viscoelastic compliant layers of finite length. A vorticity-streamfunction formulation is used, which
divergence-free solutions for the evolving flow fields. Waves in the compliant panels are governed by the viscoelastic
equations. The study shows that Tollmien–Schlichting (TS) waves and compliance-induced flow instability (CIFI) wa
are predicted by linear stability theory frequently coexist on viscoelastic layers of finite length. In general, the beha
the waves is consistent with the predictions of linear stability theory. The edges of the compliant panels, where abrup
in wall property occur, are an important source of waves when they are subjected to periodic excitation by the fl
numerical results indicate that the non-parallel effect of boundary-layer growth is destabilizing on the TS instability. It is
demonstrated that viscoelastic layers with suitable properties are able to reduce the amplification of the TS waves, and
levels of material damping are effective in controlling the propagating CIFI.
 2005 Elsevier SAS. All rights reserved.
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1. Introduction

Among the many compliant wall models that have been studied so far for their effects on flow stability, volume-bas
such as viscoelastic layers are deemed the most practical because they are simpler to build and implement as com
surface-based walls. Nonweiler [1], Kaplan [2] and Landahl and Kaplan [3] carried out the first series of theoretical st
the linear stability of boundary-layer flows past viscoelastic layers in the early 1960s. There was a considerable lull of s
decades before further works was presented by Fraser and Carpenter [4], Yeo [5] and Yeo and Dowling [6], following a
of interest in compliant-wall flow stability research. Yeo [7–9] has carried out to date the most comprehensive inves
into the linear stability of Blasius boundary layer over viscoelastic walls; covering two-dimensional (2D) and three-dime
(3D) wave modes over isotropic and anisotropic single- and multi-layer viscoelastic walls. The effects of flow loading
burden pressure) and boundary-layer growth on flow stability were considered by Yeo et al. [10,11]. Meanwhile, the oc
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of absolute instability over viscoelastic layers has also been studied by Yeo et al. [12–14], while the optimization of visc
layered walls for transition delay could be found in Dixon et al. [15] and Yeo [16].

Domaradzki and Metcalfe’s [17] performed probably the first direct numerical simulation (DNS) of unstable waves i
flow over a compliant surface, a tensioned membrane in particular. They employed a spectral method with Fourier an
shev polynomial series applied in the streamwise and normal directions, respectively. Periodic conditions were imp
for the streamwise and spanwise boundaries and the waves were assumed to grow or decay with time. We term thitem-
poral DNSapproach here. The temporal DNS of three-dimensional (3D) waves in transitional boundary layers on me
surfaces was subsequently carried out by Metcalfe et al. [18]. Their simulation showed that non-linear secondary ins
could arise and cause the flow to become unstable when it was predicted to be stable by the linear theory. On the o
the computational simulation of unstable waves in flow over viscoelastic layers appears to have been done only by H
Again the temporal wave growth model was used, while the response of the polyvinylchloride (PVC) layers was comp
a finite-element code DYNA2D. Results were obtained for the effects of wall compliance on the Tollmien–Schlichtin
waves.

In temporal DNS, the computational domain is normally trimmed down to one or just a few TS fundamental wave
in the streamwise direction to conserve computational resources. However, for the accurate determination of unsta
in boundary layers over finite compliant panels, the temporal model is inapplicable due to the presence of inhomoge
the stream direction: the growth of the boundary layer and the leading and trailing edges of the compliant panel, wh
changes of properties occur. Moreover, Tollmien–Schlichting (TS) and compliance-induced flow instability (CIFI) wav
incompatible wavelengths may co-exist. The imposition of periodic boundary conditions for one wave group may ar
inhibit the existence of the other. These call for the use of a more general spatial treatment. Davies and Carpenter [20] c
probably the firstspatial DNSof unstable waves in shear flow over finite compliant panels. A novel vorticity–velocity me
was used in the simulations. Using this method with special treatment for the wall and fluid inertial terms, they so
linearized N-S equations and presented the results for the spatial evolution of TS waves over finite membrane panel
and Ehrenstein [21,22] adopted a primitive-variable method for spatial 2D disturbances in boundary layers over m
panels. The behaviour of the disturbances as convective and absolute instabilities was investigated. Their simulati
re-affirmed the overall validity of the linear stability theory and show that absolute instability could arise from the coale
between an upstream propagating evanescent mode and a downstream propagating TS wave, as was earlier sugge
et al. [12]. Their model takes into account the non-parallelism of the flow and non-linear effects within the flow. To
the moving boundary, the physical domain was transformed into a fixed computational domain. However, as the p
base flow was dynamically stretched with the deformation of the compliant boundary, this may introduce inaccuracies
where the surface wave amplitude is large. Recently, Davies and Carpenter [23] developed a method for simulating lin
evolution in 3D boundary layer over compliant surfaces, and applied it to perturbed boundary layers on a rotating disk
the established 3D vorticity–velocity method, in which six governing equations are usually required, only three go
equations are solved in their highly efficient formulation. The linearized form of this method was validated for con
instabilities evolving over rigid and compliant rotating discs. More recently, Wang [24] proposed a 3D primitive variable m
for simulating transitional boundary layer over finite membrane surfaces.

Although much effort has been expended and numerous papers have been published on the subject of boundary-lay
over compliant surfaces, there is still much to learn and understand about this interesting subject. As reviewed a
research has so far been focused only on the 2D temporal and spatial DNS of instability waves over surface-based
models. To our knowledge, the spatial evolution of unstable waves over finite viscoelastic layers, a case of some
significance by virtue of their ease of construction, has yet to be modelled and studied. We consequently devote ourse
investigation in the present paper.

2. Governing equations and boundary conditions

Fig. 1 shows a schematic of the computational domain for the fluid–solid wave interaction problem. In this sect
governing equations and the boundary conditions for linear wave propagation in the fluid and solid layers are descr
interaction between the two domains is governed by the continuity of perturbation velocity and stresses across th
interface, which are implemented in a linear manner.

2.1. Perturbation flow equations

Fasel [25] carried out the first accurate direct numerical simulation of Tollmien–Schlichting waves in Blasius bo
layer on a rigid surface. He employed the vorticity–velocity(ζ, u, v) formulation on a non-staggered grid. Giannattasio
Napolitano [26] pointed out such a formulation would require special treatment for the wall vorticity boundary cond
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order to attain second-order accurate divergence-free solution. Fasel [25], however, avoided the direct computation o
values at the rigid wall by employing the equation∂ζ/∂x = −∂2v/∂y2 at the wall. It is not clear if this procedure can
formally justified, although it has provided acceptably good results in actual applications [20].

The vorticity–streamfunction(ζ,ψ) method, on the other hand, is widely used to study two-dimensional fluid flow
cause of its simplicity and the fact that the divergence-free condition could be satisfied automatically by the definitio
streamfunction. The wall vorticityζw is computed via the distribution ofψ in the vicinity of the wall. Guj and Stella [27] an
Napolitano and Pascazio [28] have shown that the second-order(ζ,ψ) formulation is equivalent to the(ζ, u, v) formulation on
a staggered grid. However, the(ζ,ψ) formulation has the advantage over the latter in that it involves only two equations i
unknowns. For time-accurate evolution of flow, the vorticity and streamfunction fields should be solved simultaneous
may be achieved by adopting a direct or an iterative time-implicit procedure. The vorticity–streamfunction formulation is
in our 2-D study of linear wave propagation here. The governing equations for the perturbation vorticityζ and streamfunction
ψ fields are:

∂ζ

∂t
+ ∂

∂x
(uζ + ūζ + uζ̄ ) + ∂

∂y
(vζ + v̄ζ + vζ̄ ) = 1

Re

(
∂2ζ

∂x2
+ ∂2ζ

∂y2

)
, (1)

∂2ψ

∂x2
+ ∂2ψ

∂y2
= ζ, (2)

where

u = ∂ψ

∂y
and v = −∂ψ

∂x
(3a,b)

are the perturbation velocity fields. In the above equations,ū, v̄, ζ̄ denote the velocity and vorticity fields of the unperturb
base flow. These are prescribed by the solution of the flat-plate boundary-layer equations.Re= U∗∞δ∗

0/υ∗ is the Reynolds
number based on the free-stream velocityU∗∞ of mean flow, the displacement thicknessδ∗

0 at a suitable reference location, a
the kinematic viscosityυ∗. Superscript asterisk denotes dimensional quantities.

Ribbon-excited waves are used in the present study for its greater fidelity with the typical experiments. The displ

thicknessδ∗
0 = 1.7208

√
υ∗x∗

0/U∗
0 of the boundary layer at the location of the wall-mounted ribbonx∗

0 is chosen to be the

reference length, wherex∗
0 is measured from the leading edge of the flat plate. The non-dimensional distancex0 (at ribbon

location) is then given byx0 = (1.7208)−2Re. The non-dimensional stream coordinatex is then related to the local Reynold
numberReδ = U∗∞δ∗/υ∗ by

x = Re2δ
1.72082 Re

. (4)

2.2. Governing equations of viscoelastic solid layer

A viscoelastic layer with finite thickness(h) and finite length is placed alongxcs� x � xce as shown in Fig. 1. The materia
of the solid layer is assumed to be elastic in dilatational deformation and Voigt-damped in deviatoric shearing. In the t
domain, wave propagation in the layer obeys the following viscoelastic Navier’s equations in non-dimensional form:

Fig. 1. Computational domain and buffer domain.
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∂2ξ

∂t2
= 1

2

(
Ysr + Ysi

∂

∂t

)(
∂2ξ

∂x2
+ ∂2ξ

∂y2

)
+

(
Yν

3
+ Ysr

6
+ Ysi

6

∂

∂t

)(
∂2ξ

∂x2
+ ∂2η

∂x∂y

)
, (5)

ρs
∂2η

∂t2
= 1

2

(
Ysr + Ysi

∂

∂t

)(
∂2η

∂x2
+ ∂2η

∂y2

)
+

(
Yν

3
+ Ysr

6
+ Ysi

6

∂

∂t

)(
∂2η

∂y2
+ ∂2ξ

∂x∂y

)
. (6)

In the above equations,ξ andη are respectively thex-direction andy-direction displacement fields of the solid.ρs is the
density of the solid layer.Yν represents the elastic-dilatational modulus and is related to the more familiar bulk modulusK by
Yν = 3K . Ysr is the elastic coefficient of the deviatoric modulus, which may be expressed in term of the elastic shear sCt

by Ysr = 2ρsC
2
t . TheYsi, on the other hand, is the viscous coefficient of the deviatoric modulus and can be calculate

Ysi = 2d , whered is the viscous damping coefficient of the material.

2.3. The coupling of perturbations in the flow and the solid layer

The perturbations in the flow and the solid layer are coupled by the requirements of velocity and stress continui
perturbed interface. For small-amplitude waves, the coupling conditions may be linearized about the mean flow-wall
(y = 0). Velocity continuity yields the following interface coupling conditions between the perturbations of the flow a
viscoelastic layer aty = 0:

uw = ∂ξ

∂t
− η

∂ū

∂y
(7)

and

vw = ∂η

∂t
. (8)

The normal and shear stresses acting on the top surface of the viscoelastic layer due to flow perturbations are given b

σ = −pw + 2

Re

(
∂v

∂y

)
w
, (9)

τ = 1

Re

(
∂u

∂y
+ ∂v

∂x

)
w

, (10)

wherepw denotes the flow perturbation pressure at the mean flow-wall interface. These are matched to corresponding
stresses in the viscoelastic layer, which are given by

σ = Ysr
∂η

∂y
+ Ysi

∂

∂t

(
∂η

∂y

)
+ 1

3
(Yν − Ysr)

(
∂ξ

∂x
+ ∂η

∂y

)
− Ysi

3

∂

∂t

(
∂ξ

∂x
+ ∂η

∂y

)
, (11)

τ = Ysr

2

(
∂ξ

∂y
+ ∂η

∂x

)
+ Ysi

2

∂

∂t

(
∂ξ

∂y
+ ∂η

∂x

)
, (12)

at the mean interface. The flow perturbation pressurepw is obtained here by integrating they-direction perturbation Navier–
Stokes equation from the free stream through the boundary layer to the mean interface:

pw =
freestream∫

0

[
∂v

∂t
+ ∂(ūv + uv̄ + uv)

∂x
+ ∂(2v̄v + vv)

∂y
− 1

Re

(
∂2v

∂x2
+ ∂2v

∂y2

)]
dy. (13)

Finally, the boundary conditions for the perturbation vorticity and streamfunction of the flow at the mean interfa
prescribed by:

ζ |w =
(

∂2ψ

∂x2
+ ∂2ψ

∂y2

)
w
, (14)

ψ |w =
∫

(−vw)dx (15)

and

ψy |w = uw. (16)
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2.4. Boundary conditions

Arising from the need to optimize computational resources, the computational domain for many spatial DNS st
boundary layer frequently starts from the vicinity of the vibrating ribbon or disturbance strip, such as in Fasel and
mann [29]. Where inflow boundary is specified downstream of the disturbance source, boundary condition which refl
spectral content of the supposed disturbance may be applied from a synthesis of Orr–Sommerfeld solutions [20,3
simulation, the (mono-frequency) TS waves are generated by a vibrating ribbon source situated at the wall downstre
inflow boundary, and the disturbance quantities are set to

ψ = ψx = 0 and ζ = 0 (17)

along the inflow boundary itself. This treatment presumes there is no significant propagation of source perturbation u
Any error arising from this will be quite insignificant, however, since waves reflected from the inflow boundary will s
mirror the frequency content of the perturbation source.

Because the disturbance velocitiesu andv decay rather slowly in the wall-normal direction, a rather large domain w
be required in this direction. In our numerical model, a coordinate transformation is applied in the wall-normal directi
transformation sets the free-stream boundary far away from the wall. This ensures that any artificiality in the implemen
the free-stream boundary condition does not contaminate the solution near the wall. The following coordinate transfor
used,

x = xC, y = y(yC), (18a, b)

where

y(yC) = ymaxγyC

yC maxγ + ymax(yC max− yC)
. (19)

Hereymax refers to the height of the flow domain in the physical coordinatey. The height of the flow domain in the transform
coordinate isyC max, while theγ is a real constant, which can be used to adjust the distribution of computational grid po
the physical coordinatey. We set

ψ(ymax) = ψy(ymax) = 0 and ζ(ymax) = 0, (20)

where a value ofymax> 65 is used.
The buffer domain technique of Liu and Liu [30] is further applied here for the vorticity–streamfunction formulat

reduce upstream reflection of waves from the outflow boundary. A schematic of the buffer domain is given in Fig. 1.
the traditional extrapolation method is employed forψ andζ based on

∂2ψ

∂x2
= 0 and

∂2ζ

∂x2
= 0 (21a, b)

along the outflow boundary of the buffer domain atx = Ltotal.
Perfect adhesion is assumed for the joins between the viscoelastic layer and the rigid plate. Zero displacement

conditions are thus applicable for all the three sides of the layer that are in contact with the plate:

ξ = 0, η = 0 for x = xcs, (22)

ξ = 0, η = 0 for x = xce, (23)

ξ = 0, η = 0 for y = −h. (24)

3. Numerical schemes

Many discretization schemes in space and time have been used by researchers to simulate boundary-layer trans
sition simulations traditionally employ second-order implicit, or third- and fourth-order explicit temporal schemes. Th
storage capacity of current computers, however, limits the extensive use of high-order explicit schemes when the spati
is large or when high spatial resolution is required. To conserve memory for spatial resolution and to increase the stabi
code, which is even more crucial for studying the interactions between transitional boundary-layer flow and compliant
the second-order backward Euler difference scheme is used for the time marching of the perturbation flow equations:

∂φ = 3φt − 4φt−�t + φt−2�t + O(�t2). (25)

∂t 2�t
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Finite-difference methods and finite-difference/spectral methods have been the most popular discretization sch
boundary-layer transition simulation. In the present work, the second-order central difference scheme is used for the d
tion of the perturbation NS equations.

A uniform grid is employed for the solid layer in both coordinate directions. In the interior of the domain, fourth
central difference scheme is used for spatial discretization. The employment of the higher-order spatial scheme imp
overall stability of the solver. Backward Euler scheme is employed for the discretization of the temporal terms.

For ease of comparison with the established results of Yeo [7], the parameters and materials properties of the vi
layers are specified with respect to a fixed lengthscaleL∗, which is defined implicitly via a wall Reynolds numberRe(L) =
U∗∞L∗/υ∗ set equal to the value of 2×104. These wall parameters are rescaled to the lengthscaleδ∗

0 (displacement thickness o
the boundary layer at the location of the exciter) during computational simulation as follows, where only the affected q
are listed:

h = h(L)L
∗

δ∗
0

= h(L)Re(L)

Re
(26)

and

Ysi =
Ysi(L)L

∗
δ∗
0

= Ysi(L)Re(L)

Re
. (27)

4. Computational results and discussions

In this section, we shall refer to locations/points along the plate by their non-dimensional stream coordinatex or their
displacement-thickness based Reynolds numberReδ = U∗∞δ∗/υ∗. In particular,Rein andReout denote the Reynolds numbe
at the inflow and outflow boundaries respectively, whileRecs andRece are the Reynolds numbers at the leading and trai
edges of the compliant panel. The stream coordinatex is related to the Reynolds numberReδ by Eq. (4). The non-linear term
in Eq. (1) have been retained during computation, but their contribution to the results is negligible because of the sm
amplitudes that are used in all the cases considered here.

4.1. Code validations

The benchmark cases for 2D Tollmien–Schlichting waves over a rigid wall in Fasel and Konzelmann’s [29] are first r
to validate and verify the accuracy of the perturbation Navier–Stokes solver. Fig. 2 shows excellent agreement bet
results and those of Fasel and Konzelmann for selected points on the neutral stability curve.

Comparison with the results of Wiplier and Ehrenstein [21] (hereafter W & E for short) for Blasius boundary laye
damped tensioned membrane is next considered. For this case, the membrane is located betweenRecs = 504.811 andRece =

Fig. 2. Neutral stability points: — locally-parallel linear stability theory;1 present study based on inner maximumu; Q Fasel and Konzelman
[29] based on inner maximumu.
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Fig. 3. Surface displacement: (a) Fig. 11 in Wiplier and Ehrenstein [21] and (b) present study.

946.991. The properties of the membrane are as follows:m(L) = 0.0212,T(L) = 15.0, d(L) = 0.2, k(L) = 0.0, Re(L) = 580
(here,m – mass,T – tension,d – damping andk – spring stiffness). The computational domain extends fromRein = 271.9
to Reout = 974, while the buffer domain begins fromRebuf = 810 over the membrane. Buffer functions are hence also ap
to the membrane equations in the buffer region. The point-source perturbation is located atRe= 400 with a source frequenc
of F = 218.9 (F = ω0/Re× 106) based on the displacement thickness atRe= 400. This is equivalent to the frequencyω0 =
0.08756 of the eigenfunction-based perturbation used by W & E along their inflow boundary atRe= 400. The computationa
grid is set at 401× 71 with the vertical stretch parameterγ = 1.8 and 640 time steps per TS wave period is applied to main
good temporal resolution. A small excitation amplitude(ψA = 0.0001) is adopted in our simulation. The simulation is carr
out for 24 periods(24T ) of the TS waves. The membrane displacement is compared against similar result of W & E in
The x-coordinate for the present result has been shifted to exactly match that of W & E for easier comparison. The
displacement profile att = 24T bears a close similarity to that of W & E (Fig. 3). The wavelength of TS waves, as
as its modulation by co-existing surface wave mode(s), is almost identical with that of W & E. The maximum me
displacement in W & E’s result is about 0.03% of the reference displacement thickness (atRe= 400), which is about an orde
of magnitude larger than the present result. However, this is probably of minor significance as both waves are very mu
the linear regime. This seems to be supported by the close similarity of the displacement profiles. The differences
in the finer wave details, which may be due to a number of other factors. Firstly, the point excitation used in the pres
may require a longer developing distance for it to achieve the same driving effect as the eigenfunction-based perturba
by W & E. Secondly, the decay of the surface waves within the buffer domain is different, which reflects the use of d
flow formulation and buffering strategy or parameters. Given that solids/solid surfaces are more strongly elliptic in sp
uni-directional boundary layer flows at largeRe, the behaviour of the membrane in the buffer region may be expected to
some influence on the upstream wave results. In the present work, we have tried not to damp the waves in the buffe
rapidly in order to minimize the upstream effects of buffering.

4.2. Periodic perturbations

In this section, six cases are performed to study the behaviour of ribbon-driven waves over viscoelastic layers. The
fluid parameters for these cases are tabulated in Table 1. The free-stream boundaries for these cases are all set to
65δ0.

The neutral curves of linear stability or Orr–Sommerfeld theory (assumptions of infinite-length wall and locally-p
flow) for these cases are shown in Figs. 4(a)–4(e). Cases 1 and 2 compares the propagation of TS waves over a com

Table 1
Solid and flow parameters of test cases

Case Solid parameters (Re(L) = 20000) Flow parameters

ρ(L) Ct(L) d(L) K(L) h(L) Re Rein Reout Recs Rece F

1 1.0 1.0 0.0049 50 1.0 400 277.5 1035.9 428.1 990.0
2 1.0 1.0 0.0049 50 1.0 500 377.0 1198.6 529.3 1147.1
3 1.0 1.0 0.0049 50 0.6 400 277.5 1035.9 428.1 990.0
4 1.0 0.7 0.0049 50 1.0 400 277.5 1035.9 428.1 990.0
5 1.0 0.7 0.000098 50 1.0 400 277.5 1035.9 428.1 990.0
6 1.0 0.7 0.049 50 1.0 400 277.5 1035.9 428.1 990.0
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Fig. 4. Neutral curves for viscoelastic layers. (a) Comparison of Case 1, Case 2 (—) and rigid wall (- - -); (b) Comparison of Case 3
Case 1 (- - -); (c) Comparison of Case 4 (- - -) and Case 1 (—); (d) Comparison of Case 5 (—) and Case 4 (- - -); (e) Comparison of C
and Case 4 (- - -).

and the rigid wall. For these two cases, the compliant wall in question has been selected in accordance with linea
theory to have no CIFI or wall-modes, see Fig. 4(a). Owing to the stabilizing effect of wall compliance on the TS
the compliant wall supports a reduced TS regime. The perturbation frequency for Case 1 has thus been selected su
wave is unstable over a streamwise stretch of the rigid wall, but stays stable over the compliant layer. The Case 2
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the other hand, possesses unstable stretches over both the surfaces. Case 3 (Fig. 4(b)) is designed to show up th
layer thicknessh, where a decrease in the thickness from Case 1 is seen to slightly reduce the unstable regime of l
waves. In Case 4, the shear stiffnessG = 0.5Ysr = 0.5ρC2

t of the material is decreased (relative to wall of Case 1) leadin
the occurrence of unstable CIFI or wall modes B1 and B2 (see Fig. 4(c)); where the CIFI(B2) signifies the low-Renumber
branch, which is described in more details in Yeo [7]. The perturbation frequency is here selected to excite the CIFI wa
wall damping in Case 4 is reduced drastically to near-zero level to give Case 5, where according to the linear stabilit
the unstable B1- and B2-CIFI regimes would be destabilized and merge to form a large CIFI regime (Fig. 4(d)). In Fig.
the barred pattern marks the unstable side of the CIFI neutral curve. The propagation of waves in this extended CIFI
considered. Finally, the application of material damping to suppress the CIFI or wall modes in considered by Case 6, w
ten times the level of material damping of Case 4. The CIFI would be completely suppressed according to linear stabili
(Fig. 4(e)). This is tested for finite viscoelastic panel by direct simulation here.

For all these cases, the computational mesh for the flow is set at 601× 51, and for the solid layer 481× 41. 640 time
steps are again employed for each wave cycle to maintain temporal accuracy. Computation is typically carried out to
periods to allow for the full development of wave reflections from the trailing edge of the compliant layer. Several test
also performed to ensure that further increasing grid number does not significantly improve the results (i.e. checkin
convergence).

4.2.1. Comparisons between viscoelastic layers and rigid wall
To compare the behaviour of TS waves over viscoelastic layers and a rigid wall, the compliant wall properties for

and Case 2 have been selected to ensure that the TSI modes are the dominant modes of instability on these walls, a
co-existing CIFI modes would be comparatively weak. Case 1 is designed to let the 2D wave travel into a region w
TS waves would be amplified by the rigid wall and diminished by the compliant layer. The perturbation velocityu at y = 1.05
for Case 1 is plotted in Fig. 5(a) together with corresponding rigid wall results. Unlike the rigid wall results, theu-velocity
perturbation over the solid layer in this figure decays almost monotonically as one would expect from its stability c
Fig. 4(a). In this regard, the computational results do appear to agree qualitatively with the prediction of linear stability
In the absence of other unstable modes, it would appear that the slight non-monotonicity in decay might have been c
interference with waves that are produced at the leading edge of the compliant layer. This recognizes the fact that
discontinuity in the wall properties at the leading edge is able to act as a source for a wide spectrum of waves when
perturbed, in this case by the primary TS waves in the flow above. The excited wave would generally be a mode of the s
medium, the flow-wall system, and may even be a damped mode deriving energy from the primary waves. The wave
spectrum in Fig. 5(b) shows clearly the presence of a small wave component in addition to the primary TS wave. We be
wave mode, which is much weaker than the primary TS mode and possesses a much smaller wavenumber, is a wall
CIFI mode. The perturbation velocityu at wall surface(y = 0) in Fig. 5(c) is also supportive of the above observation. It sh
clearly the decay of the primary TS waves, and its modulation by a longer wave mode. The wavenumber spectrum (F
of theu-velocity perturbation(y = 0) is also similar to that aty = 1.05, except that near to the wall, the second wave mode
grown in relative strength (though still significantly weaker than the primary TS wave). This is again symptomatic of
mode. Detailed comparison with the spectra of linear stability theory in Section 4.3 confirms the identity of this seconda
as a CIFI or wall mode.

Fig. 6 shows the vertical displacement of the compliant surface for different times. A weak secondary (CIFI) wave
travels ahead of the TS wave, can be observed in this figure. The relative wavelengths of the CIFI and the TSI waves a
consistent with the wavenumber peaks of Fig. 5(d). The primary TS wave reaches the trailing edge of the compliant lay
the completion of 16 wave periods. The propagation behaviour/history of the secondary (CIFI) mode indicates that it
generated at the leading edge of the compliant panel. The important role of the leading edge in generating new wa
has been highlighted before by Davies and Carpenter [20]. The temporal histories of the vertical displacement of the c
surface at four different streamwise locations are presented in Fig. 7. Although the spatial patterns of wall displacemen
may be quite irregular in places, each point on the compliant surface attains temporal sinusoidal behaviour with its own
amplitude after an initial transient phase. In other words, although there is more than one wave propagating over the
surface, they all share the same temporal frequency, which is the frequency of the ribbon source. The same temporal
is hence applicable at all points on the surface. It also shows that a steady periodic transient is eventually reached in
26 wave cycles of the computation. Fig. 8 shows the exaggerated displacement vector field inside the solid layer. Two
‘rotational’ structures may be discerned. The first one is much smaller in diameter and shallower in depth than the o
second one is relatively larger and permeates almost the entire depth of the layer. Their relative sizes are compatibl
wavenumber peaks of the surface displacement in Fig. 5(d), and one may conclude that the smaller rotational stru
associated with the TS waves, while the larger ones with the CIFI waves.

In Case 2, the perturbation frequency is chosen such that the waves generated would be amplified by both the vi
layer and the rigid wall. The perturbation velocityu at y = 1.05 is presented with the rigid wall results in Fig. 9(a). The res
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Fig. 5. (a) Perturbation velocityu aty = 1.05 for Case 1 (—) and rigid wall (- - -). (b) Wavenumber spectrum foru aty = 1.05 (Case 1).

show that the unstable region as well as the amplification rate of the TS wave is reduced considerably by this vis
layer. This is consistent with the stability curves given for the layer and the rigid wall in Fig. 4(a). The wavenumber ana
Fig. 9(b) for theu-velocity distribution shows that a weaker and longer CIFI wave is also present for this case. The pertu
velocity u at the compliant surface (Fig. 9(c)) and its wavenumber spectrum (Fig. 9(d)) demonstrate a consistent tr
Case 1 with regards to the enhanced presence of the CIFI modes at the wall.

4.2.2. Effect of thickness h
Case 3 is designed to study the consequence of reducing the thickness of the solid layer from that of Case 1. Ow

relatively stiff nature of the materials used for these layers(Ct(L) = 1), the TS neutral curves for Cases 1 and 3 are clo
similar (Fig. 4(b)). It is not surprising hence that there are only minor differences in theiru-velocity distributions aty = 1.05
in the flow (Fig. 10(a)). At the wall (Fig. 10(c)), the differences are somewhat more pronounced, and one could see
amplitude of the surface wave is reduced by the decreased thickness of the layer. The wavenumber spectra of theu-velocity
fluctuations are given in Figs. 10(b) and 10(d). In each plot, the two most dominant peaks are coincident in terms
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Fig. 5. (Continued). (c) Perturbation velocityu aty = 0 (Case 1). (d) Wavenumber spectrum foru aty = 0 (Case 1). Lower neutral point (LNP
upper neutral point (UNP).

wavenumber. Not unexpectedly, the lower peak, which corresponds to a damped wall-mode, is relatively more promin
wall than aty = 1.05. The wavelengths of the primary TS modes are nearly the same for both layers. The wavelengt
second mode is, however, significantly longer for the thinner layer (Case 3) than it is for Case 1 (Fig. 5(d)); showing th
influence that wall parameters have on the CIFI mode.

4.2.3. Effect of elastic shear modulusYsr
The effect of the elastic shear modulus (material stiffness) on the unstable wave system is next considered.Ct(L) is reduced

from 1.0 in Case 1 to 0.7 in Case 4. The neutral curves for the two cases are compared in Fig. 4(c). Figs. 11(a) and 11(c
theu-velocity perturbations for the two cases aty = 1.05 andy = 0.0 respectively. The wave systems are quite different for
2 cases. For Case 1, we have already witnessed a slowly decaying TSI mode that is consistent with the stability charac
the wall given in Fig. 4(a). For Case 4, Fig. 4(c) tells us that the wave perturbation will initially decay until a Reynolds n
Re≈ 830 (x ≈ 580). Beyondx ≈ 580, we may expect to see a growing CIFI. Figs. 11(a) and 11(c) show a rapidly dec
TSI mode. The decaying TSI wave is clearly modulated by another mode of somewhat longer wavelength. An exami
the wavenumber spectra in Figs. 11(b) and 11(d) and comparison with similar spectra for Case 1 (Figs. 5(b) and 5(d))
that the modulating wave is a CIFI; a decaying CIFI according to the stability curves in Fig. 4(c). Forx � 580 to the end of
the panel atx ≈ 827, we expect to see a growing CIFI mode. This is not every obvious, however. We do not see clear
),

e
h
e

)
t
te
u
a

n
i
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Fig. 6. Vertical displacement of compliant surface at different times (Case 1).
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Fig. 7. History of vertical displacement and frequency spectrum at various points along the compliant surface for Case 1: (a)x = 294.88;
(b) x = 435.05; (c)x = 575.22; (d)x = 715.39.

wave growth here, but instead merely a sustained wave. Further consideration shows that two factors may be respo
this behaviour. Firstly, the amplification rate of the CIFI mode is very small over this region of the panel. Secondly, th
length of this segment of the panel due to the proximity of the panel’s trailing edge (about 4 wavelengths of the pert
wave) effectively limits any significant increase in the wave amplitude. Comparison of the wave spectra for Case 1 an
shows that the CIFI is clearly stronger in the latter case as well as possessing a shorter wavelength.

The comparative study of Case 1 and Case 4 demonstrates that reducing the material stiffness(Ysr) may result in the
destabilization of CIFI modes. Fig. 11(c) also reveals that the softer wall (Case 4) suffers significantly larger displace
n
e
u
d

m
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Fig. 8. Displacement vector field for viscoelastic layer of Case 1 (scale factor 1×105, colored by magnitude of displacement). Arrows indic
two types of counter rotating waves in the viscoelastic layer.
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(b)

Fig. 9. (a) Perturbation velocityu aty = 1.05 for Case 2 (—) and rigid wall (- - -). (b) Wavenumber spectrum foru aty = 1.05 (Case 2).
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Fig. 9. (Continued). (c) Perturbation velocityu aty = 0 (Case 2). (d) Wavenumber spectrum foru aty = 0 (Case 2). Lower neutral point (LNP
upper neutral point (UNP).

its surface. This is not unexpected. More importantly though, we note that the perturbation wave in the flow (see Fi
grows rapidly over a few wave cycles as it travels past the leading edge of the compliant panel. Such leading edge am
of waves is clearly undesirable and may be important where soft walls are concerned. This negative effect of the lead
of finite panels was also noted by Davies and Carpenter [20] in their study of shear flow over membranes.

4.2.4. Effect of damping modulusYsi
Case 5 features a layer that possesses a much lower level of material damping than Case 4. The comparison of th

stability curves in Fig. 4(d) shows that the CIFI is significantly destabilized by the reduction in the damping level, whe
stability of the TS modes has improved slightly. Our direct numerical simulation results for Case 5 support this con
The CIFI waves (see Figs. 12(a) and 12(c)), are now more clearly observed near the trailing edge of the compliant w
are also much more amplified compared with the waves in Case 4. On the other hand, near the leading edge whe
waves are more dominant, the wave for Case 5 decays slightly faster compared with the same wave for Case 4 (see F
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Fig. 10. (a) Perturbation velocityu aty = 1.05 for Case 3 (—) and Case l (- - -). (b) Wavenumber spectrum foru aty = 1.05 (Case 3).

The comparison between the wavenumber spectra also indicates that the CIFI for Case 5 (Figs. 12(b) and 12(d)) is m
prominent than the same for Case 4 (Figs. 11(b) and 11(d)). In Fig. 12(d), the CIFI mode has in fact become the domina

In Case 6, the material damping coefficient is increased to ten times its value in Case 4. Fig. 4(e) shows that at
level of material damping, the CIFI are largely suppressed, leaving the TSI as the dominating mode. In fact, we ex
high damping to considerably destabilize and enhance the TS waves present in Case 4. This is clearly evident in
although the destabilizing effect on the TSI of Case 4 would be relatively mild at the lower frequencies. Fig. 13(a) co
theu-velocity distributions for Cases 6 and 4 aty = 1.05. Strong amplification of the wave may be seen in the first two-th
of the wall, to be followed by monotonic decline in the remaining third. The rapid spatial growth of the TS waves is
with its strong destabilization by high damping at this frequency. The location of maximum amplitude(x ≈ 550) in Figs. 13(a)
and 13(c) corresponds approximately with the end of the amplification zone or the location of the upper neutral bran
TSI (Re≈ 810) in Fig. 4(e) (more details in Section 4.4). The almost complete suppression of the CIFI, a rare occ
so far, is also confirmed by the wavenumber spectrum in Fig. 13(b), which shows only a single dominating peak at t
wavenumber of the TS mode with only a minuscule hint of other waves. This near monochromatic behaviour is natur
reflected in the highly regular waveform of the TS waves given in the preceding figures. In general, CIFI and edge-relat
tend to show up more strongly at the wall. In the present case, these secondary waves are also singularly absent (see
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Fig. 10. (Continued). (c) Perturbation velocityu aty = 0 for Case 3 (—) and Case l (- - -). (d) Wavenumber spectrum foru aty = 0 (Case 3).

and 13(c)). This shows that the high level of material damping has indeed been effective not only in eliminating the C
also in suppressing extraneous generation and reflection of waves from the leading and trailing edges of the complian

4.3. Comparisons between wavenumber spectra and eigenvalues

When TSI and CIFI modes are simultaneously present over a compliant surface, the combined wave may display
variations of local wavenumber and amplification rate. This is further exacerbated by the inhomogeneous effects of b
layer growth and edge conditions, which produce spatial variation for each of the wave modes. It is thus difficult to dec
the combined wave system to determine in a precise manner the individual response of the constituent wave modes.
less, Fourier transform analyses would still shed considerable light on the behaviour of the individual waves that may
to compare the characteristics of these waves with results from linear stability analysis.

In this section, the wavenumber spectra for each of the preceding cases are compared with eigenvalues predicte
stability theory and tabulated in Table 2. The abbreviation RW is used to denote waves that are found from numerical s
that cannot be accounted for among the TS and CIFI wave modes that we have found from our linear analyses.
probably waves that are generated due to finite edge effects or else waves that were simply not captured in our linea



50 Z. Wang et al. / European Journal of Mechanics B/Fluids 25 (2006) 33–58

ulation
d at the
n a fixed
e results
ful.

all agree-
erical

FI modes
IFI
detected

f the finite
for CIFI

le 2).
the
(a)

(b)

Fig. 11. (a) Perturbation velocityu aty = 1.05 for Case 4 (—) and Case l (- - -). (b) Wavenumber spectrum foru aty = 1.05 (Case 4).

RW thus stands for ‘reflected’ or ‘remaining’ waves. In the current comparison, the wavenumbers from numerical sim
are obtained from FFT analysis, while corresponding eigenvalues are calculated from linear stability theory applie
location of the exciting source. From experience, it is noted that the local wavenumber of the instability waves (based o
lengthscale) is only slightly altered in the course of their propagation downstream (this is also evident in the spatial wav
presented so far). This fact makes the comparison of the wavenumber spectra and linear stability predictions meaning

Table 2 shows that the wavenumbers of TSI modes obtained from the numerical simulations are in very good over
ment with the predictions of linear stability theory in all cases. This further reinforces the validity of the current num
investigation. Although there are no unstable regions of CIFI for Cases 1–3 in Figs. 4(a) and 4(b), damped or stable CI
could still be detected in the present numerical simulation results. For Case 3, the computed wavenumber of the C(B1)

mode is quite close to the theoretical eigenvalue. However, an additional, albeit small, wavenumber peak may also be
in theu-velocity spectrum aty = 0 (Fig. 10(d)), which is apparently absent in the flow above the wall aty = 1.05 (Fig. 10(b)).
It is suspected that this wavenumber peak might have been caused by waves generated or reflected from an edge o
compliant layer, or merely a mode that is not captured in our normal-mode analysis. There are two spectra peaks
modes for each of Cases 4 and 5. The larger peaks agree very well with linear stability predictions. The wavenumbersαr for the
smaller spectra peaks aty = 1.05 (Figs. 11(b) and 12(b)) also agree surprisingly well with linear stability predictions (Tab
However, the correspondingαr values of the peaks at the wall(y = 0) in Figs. 11(d) and 12(d) deviate somewhat from



Z. Wang et al. / European Journal of Mechanics B/Fluids 25 (2006) 33–58 51
(c)

(d)

Fig. 11. (Continued). (c) Perturbation velocityu aty = 0 for Case 4 (—) and Case 1 (- - -). (d) Wavenumber spectrum foru aty = 0 (Case 4).

Table 2
Comparisons of wavenumber spectra and eigenvalues

Case Wave number from FFT of numerical results Real part of eigenvaluesα from linear stability theory

TSI CIFI RW TSI CIFI RW

1 0.180 0.065 − − 0.1827 0.0628 − –
2 0.154 0.032 − − 0.1604 0.0303 − –
3 0.180 0.032 − 0.110 0.1827 0.0327 − ?
4 0.164 0.111 0.044* ? 0.1650 0.1100 0.04607 ?

0.051†

5 0.164 0.113 0.047* 0.133 0.1652 0.1092 0.04605 ?
0.051†

6 0.167 − − − 0.1713 − − –

* At y = 1.05.
† At y = 0.
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Fig. 12. (a) Perturbation velocityu aty = 1.05 for Case 5 (—) and Case 4 (- - -). (b) Wavenumber spectrum foru aty = 1.05 (Case 5).

theoretical values. More careful examination shows that these modes appear to be mingled with other long-wave m
may have developed due to the presence of panel edges.

4.4. Non-parallel effects on TSI

The amplitude of the perturbation velocityu along the wall at different heightsy for Case 2 is plotted in Fig. 14 wit
corresponding results of locally-parallel linear stability theory. The amplitude at a given point is determined by record
maximum absolute value of the perturbation quantity over time after a state of steady periodic transient has been
Corresponding amplitude curves based on other perturbation quantities such as maximum|u| and maximum|v| etc. are also
given in Fig. 15. A prominent feature of the results is the oscillatory character of the amplitude curves. Our analysis sh
the oscillation is due to the presence of the co-existing CIFI, which cannot be effectively separated or decomposed
TSI. The interference between the waves results in an oscillation, with a wavenumber equal to thewavenumber difference(�α)

of the two waves, being superposed on the overall trend of the amplitude curve. The wavenumber data for Case 2 i
yields a�α ≈ 0.122, which would give a wavelength of 51.5 units or about 13.5 oscillations over the length of the com
panel, extending fromxcs = 189.2 (Re= 529.3) to xce = 888.7 (Re= 1147.1). This is indeed the number of oscillations th
one would deduce from Fig. 14, taking into account the missing wave segments at the two ends of the plot range. A
small oscillations may be observed in the amplitude curve aty = 0 towards the downstream half of the compliant panel. T
shows the presence of surface wave reflection from the trailing edge.
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Fig. 12. (Continued). (c) Perturbation velocityu aty = 0 for Case 5 (—) and Case 4 (- - -). (d) Wavenumber spectrum foru aty = 0 (Case 5).

The presence of the oscillations makes it difficult for us to establish the precise position of the neutral stability
Notwithstanding, visual estimates based on the mean interpolants of amplitude curves generally shows a small sh
lower neutral points to lower Reynolds number and a larger shift of the upper neutral points to higher Reynolds numbe
to the neutral points of locally-parallel linear stability theory. This appears to be also the general case for the lower a
bound envelopes of the oscillatory amplitude curves. The differing positions of the neutral points for the different am
curves are a general reflection of the presence of the non-parallel effects of the boundary layer. The shift of the neut
relative to the locally-parallel results to form an extended unstable region indicates that the non-parallel effects are
destablizing on the TSI mode. This is consistent with the observation of Yeo, Khoo and Chong [10], based on a per
analysis.

Case 6 is an exceptional case in which high damping has effectively snuffed out most traces of CIFI leaving b
well-defined TS wave. The amplification rate (A−1 dA/dx) curves for different measures of wave amplitude, including
normalized kinetic energy (an integral measure), are given in Fig. 16. The upper neutral points can be obtained e
these amplitude measures. They all show a higher Reynolds number than the locally-parallel result, which again poi
destabilizing influence of boundary-layer non-parallelism. The lower neutral points could not be obtained because the
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Fig. 13. (a) Perturbation velocityu aty = 1.05 for Case 6 (—) and Case 4 (- - -). (b) Wavenumber spectrum foru aty = 1.05 (Case 6).

limit of the computational domain did not extend to sufficiently low Reynolds number. Some fluctuations in the growth
the lower end of theRe-range indicate the influence of remnant CIFI near the leading edge of the panel. We have not be
to study the effects of boundary-layer growth on the CIFI modes because of the presence of significant TS wave comp
all the cases that we have been able to examine to date.

5. Concluding remarks

The spatial-temporal evolution of small amplitude two-dimensional waves in Blasius boundary layer over finite-len
coelastic compliant layer is numerically simulated in the present study. The numerical model employs a formulation in
streamfunction and vorticity, which ensures divergence-free solutions for the flow field.

On the whole, the computational results show that ribbon-generated TS waves grow more slowly over a finite vis
compliant panel than similar waves of the same frequency over a rigid surface. The TS waves are generally modulate
or surface wave modes, which seem to gain greater prominence on a finite-length panel than on an infinite panel. O
length panel, the leading and trailing edges of the compliant layer, as points of discontinuity in wall properties, appear
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Fig. 13. (Continued). (c) Perturbation velocityu at y = 0 for Case 6 (—) and Case 4 (- - -). (d) Wavenumber spectrum foru at y = 0 (Case 6).
Upper neutral point (UNP).

sources of surface waves when subjected to periodic wave perturbation by the flow. The results (Cases 1 and 2) show
modes that are damped or stable according to linear stability theory could be sustained in oscillation by leading edge e

Increasing the thickness and/or reducing the shear modulus (stiffness) of the viscoelastic layer has the effect of ca
TS waves to grow more slowly or to decay more rapidly. The increase in compliance may, however, enhance exist
modes and edge-related waves, or bring new ones into being. We found that CIFI modes and surface waves genera
leading and trailing edges could be effectively and even completely suppressed by an increase in material damping
The latter has an adverse effect on the TS waves. A judicious application of material damping is necessary in order t
suppression of CIFI and edge-related waves without unduly destabilizing the TS waves. The above behaviour of the TS
waves revealed through computational simulations is consistent with what is already known from linear stability analys
of the observed waves and wave modes identified through spectral analyses of simulation results could be directly a
with eigenmodes of the linear stability theory. These results underline the continuing importance and relevance of linea
theory as an analysis tool for compliant layer study, although, as the theory stands, it is unable to account for effec
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Fig. 14. Amplitudes of perturbation velocityu at different heightsy (Case 2): — locally-parallel linear stability theory;− · − at y = 0; · · · · · ·
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Fig. 15. Amplitudes of various maximum values (Case 2): — locally-parallel linear stability theory;− · − maximumu; · · · · · · maximumv;
- - - maximumψ ; − · ·− maximumζ .

from property discontinuities at the panel edges. This explains the need for the application of direct numerical simu
some situations at least.

Owing to spatial inhomogeneities introduced by panel edges and boundary-layer growth, it is not possible to decom
wave response of the flow and surface into its constituent Fourier components in a precise manner. Furthermore, in
between waves gives rise to oscillations in the amplitude growth curves. These make it difficult for the neutral stabilit
of component modes to be located with any precision. However, the numerical evidence indicates that the lower a
neutral branches of the TSI regime are shifted to lower and higher Reynolds numbers respectively compared to pred
locally-parallel normal-mode analysis; or in other words, boundary layer growth over viscoelastic layers is destabilizing
TSI.

The study also reveals two fairly distinct wave structures within the viscoelastic layers, which correspond to the pro
of the TSI and CIFI waves. These structures occur in pairs with opposite sense of rotation. The material displacement a
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Fig. 16. Growth ratesA−1 dA/dx of different perturbation quantities (Case 6): — locally-parallel linear stability theory; - - - inner maximuu;
− · − kinetic energyE; − · ·− maximumv.

with the longer wave, a the CIFI mode in all the cases considered here, extends through the full depth of the layer,
displacement structures related to the shorter wavelength (TSI) mode lingers near the surface.

Only the simplest, single-layer viscoelastic, finite-length compliant panels have been investigated in the present s
coelastic materials tend to vary quite widely with regards to their damping response to periodic perturbations. We have
the simple Kelvin–Voigt damping model here, which may not be the appropriate model for many viscoelastic materials.
more, the frequency and wavenumber response of a compliant surface may also be tailored or modified to a signific
by explicit design, as Yeo [7] had shown for the case of viscoelastic multi-layer walls. The latter promises potential g
flow stability and transition control, which need to be further explored by direct numerical simulation.
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